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The seond-order term of the approximate stress-energy tensor of the quantized massive salar eld
in the Bertotti-Robinson and Reissner- Nordström spaetimes is onstruted within the framework
of the Shwinger-DeWitt method. It is shown that although the Bertotti- Robinson geometry is a
self-onsistent solution of the (Λ = 0) semilassial Einstein eld equations with the soure term
given by the leading term of the renormalized stress-energy tensor, it does not remain so when the
next-to-leading term is taken into aount and requires the introdution of a osmologial term.
The addition of the eletri harge to the system does not hange this behavior. The near horizon
geometry of the extreme quantum-orreted Reissner-Nordström blak hole is analyzed. It has the
AdS2 × S
2
topology and the sum of the urvature radii of the two dimensional submanifolds is
proportional to the trae of the seond order term. It suggests that the minimal approximation
should be onstruted from the rst two terms of the Shwinger-DeWitt expansion
PACS numbers: 04.62.+v, 04.70.Dy
I. INTRODUCTION
Aording to our present understanding the physial ontent of the quantum eld theory formulated in a general
urved bakground is enoded in its most important observable  the renormalized stress- energy tensor, T ab, alulated
in the physially motivated state or states [1℄. Although interesting in its own, the stress- energy tensor plays a ruial
role in various appliations, most important of whih is its role played in the semilassial Einstein eld equations.
Indeed, treating the stress-energy tensor as a soure term it is possible, in priniple, to investigate the evolution of
the system in a self-onsistent way unless the quantum gravity eets beome dominant. Unfortunately, this program
is hard to exeute as it requires a detailed knowledge of the funtional dependene of T ab on the metri tensor or at
least on a wide lass of metris. Moreover, the semi-lassial eld equations omprise a ompliated system of the
nonlinear partial dierential equations, whih generally annot be solved analytially. It is natural, therefore, that to
address  at least partially  this problem, one should refer either to approximations or to numerial methods. Quite
popular are also the hybrid methods, in whih the exat results are divided into the analyti part and (presumably)
small numerial orretion.
It seems that for the massive elds in a large mass limit, i.e., when the Compton length, λC , is muh smaller than
the harateristi radius of urvature, L, (where the latter means any harateristi length sale of the spaetime),
the approximation based on the asymptoti Shwinger-DeWitt expansion is suiently general [2, 3, 4℄. Sine the
nonloal ontribution to the eetive ation an be negleted it is expeted that the method yields reasonable results
provided the urvature of the bakground geometry is well above the Plank regime and its temporal hanges remain
small. In spite of the above restritions there is still a wide lass of geometries in whih this approximation an be
suessfully applied. At the moment we know the m−2 part of the renormalized stress-energy tensor for salar, spinor
and vetor eld [5, 6℄ whereas onstruted only reently the next- to-leading [7℄ and next-to-next-to-leading terms are
known for the salar eld with an arbitrary urvature oupling.
For a neutral massive salar eld satisfying the generalized Klein- Gordon equation(
 − ξR − m2)φ = 0, (1)
where ξ is the oupling parameter, the Shwinger-DeWitt expansion of the renormalized approximate eetive ation,
WR, assumes the form [8, 9, 10℄
WR =
1
32pi2
∞∑
n=3
(n− 3)!
(m2)n−2
∫
d4x
√
g[an], (2)
where [an] is the oinidene limit of the n−th Hadamard- Minakshisundaram-DeWitt oeient an(x, x′), whih has
the dimensionality of [length]2n and is onstruted solely from the urvature tensor, its ovariant derivatives up to
22n− 2 order, and appropriate ontrations. The spin of the eld enters the eetive ation only through the onstant
numerial oeients.
Reently, there has been a renewal of interest in alulations of various important bi-tensors and the objets
onstruted form them, with the speial emphasis put on the oinidene limit of the oeients an(x, x
′) and
the renormalized stress-energy tensor [5, 6, 7, 11, 12, 13℄. This has been largely stimulated by new methods of
omputations and rapid development of the omputer algebra systems. Moreover, due to inreasing power of home
omputers the omplexity of alulations that an be suessfully exeuted inreased enormously and reent ndings
substantially extended previous results [3, 14, 15, 16, 17, 18, 19, 20, 21, 22℄.
Having at one's disposal the approximation of the renormalized eetive ation, the stress-energy tensor an be
evaluated by means of the standard formula
2√
g
δ
δgab
WR = T
ab. (3)
As the omplexity of [an] grows rapidly with inreasing n, a pratial use of the eetive ation (2) is limited either
to speial geometries or the rst few oeients.
Reently, we have alulated the next-to-leading, T
(2)j
i , and the next-to-next-to-leading, T
(3)j
i , term of the ap-
proximate stress-energy tensor of the quantized massive salar eld with an arbitrary urvature oupling. (The rst
order approximation of the stress-energy tensor of the quantized massive salar, spinor and vetor elds has been
onstruted in Refs. 5,6.) Sine the full results expressed in terms of the Riemann tensor are far too ompliated
to be displayed in the text, we have presented the simplied form of T
(2)j
i for the stati and spherially- symmetri
geometries in Ref. 7, to whih the interested reader is referred for the formulas and tehnial details. The alulations
of the oeients [a4] and [a5] and their funtional derivatives with respet to the metri tensor have been arried
out with the aid of FORM [23℄ and its multithread version TFORM [24℄, and are stored in the FORM format. Here
we shall onentrate on the simplest, yet alulationally involved ase, in whih the approximate eetive ation an
be written as
WR =
1
32pi2
∫
d4x
√
g
(
1
m2
[a3] +
1
m4
[a4]
)
. (4)
The next-to-next-to-leading term onstruted from [a5] will be briey disussed in the ontext of the Bertotti-Robinson
geometry in Se. II
The reasons for arrying out the higher-order alulations - besides natural uriosity - are numerous. First, it
should be emphasized that although the Shwinger-DeWitt expansion is used, it does not mean that the seond order
term is negligible. Indeed, it may be a onsiderable fration of the rst order term, leading to improvement of the
approximation and the stress-energy tensor of the massive eld in the Shwarzshild spaetime is an interesting example
of suh behavior [7℄. Preliminary alulations reveal similar behavior in the Reissner-Nordström geometry. Moreover,
the higher order terms may dramatially hange the type of the solutions of the semilassial Einstein eld equations.
An interesting example in this regard, as we shall see, is given by the Bertotti-Robinson geometry [25, 26℄. It an
be shown that although the Bertotti-Robinson geometry is a self-onsistent solution of the semilassial Einstein eld
equations with the soure term given solely by the leading term of the renormalized stress-energy tensor [5, 27, 28, 29℄
it does not remain so when the next-to-leading term is taken into aount. To guarantee that the Bertotti-Robinson
spaetime is the solution of the semilassial equations one has to introdue the (negative) osmologial onstant. It
should be noted that addition of the eletri harge to the system does not hange this behavior. It suggests that
the rst two terms of the stress-energy tensor onstruted within the framework of the Shwinger-DeWitt method
omprise, in a sense, a minimal approximation.
In this note we shall analyze the semilassial Einstein eld equations with the stress-energy tensor given by the
rst two terms obtained within the framework of the Shwinger-DeWitt method for the Bertotti-Robinson spaetime
and its deformations to general AdS2×S2 geometries with and without an eletri harge. (For a dierent soure term
see Ref. 30 and the referenes therein.) As is well known the solutions with the maximally symmetri two-dimensional
subspaes universally desribe the near-horizon geometry of the extreme blak holes [31, 32, 33, 34, 35, 36, 37, 38, 39,
40, 41℄. One expets, therefore, that it is possible to analyze the viinity of the degenerate horizon without detailed
knowledge of the renormalized stress-energy tensor. To show that this is indeed the ase we shall alulate the seond-
order approximation of the renormalized stress-energy tensor in the Reissner-Nordström geometry, and, solving the
semilassial Einstein eld equations, we shall onstrut its quantum orreted ounterpart. The viinity of the event
horizon of the extreme limit is, as expeted, preisely desribed by the relations found for the AdS2 × S2 geometries
and it is the next-to-leading term that deforms the Bertotti-Robinson solution. This behavior an be attributed to a
nonvanishing trae of T
(2)j
i tensor in the Bertotti-Robnson spaetime. Throughout the paper the geometri system
of units is used and our onventions follow the onventions of MTW.
3II. AdS2 × S
2
GEOMETRIES AS THE SELF-CONSISTENT SEMICLASSICAL SOLUTIONS
Now, let us onne ourselves to the geometries satisfying simplifying assumptions: homogeneity (Rabcd;e = 0),
vanishing of the Weyl tensor (Cabcd = 0) and R = 0. Sine the Weyl tensor and the urvature salar vanish, the
stress-energy tensor an be expressed solely in terms of the Rii tensor. However, it should be noted that if all three
onditions are satised the Rii tensor obeys additionally the Rainih ondition
RaiR
j
a =
1
4
RabR
abδji . (5)
Making use of the general formulas presented in Refs. 5 and 6, the rst order approximation to the stress-energy
tensor an be written in the form
32pi2m2T (1)ij = −5− 14ξ
1260
RabR
abRij . (6)
On the other hand, the general form of the next-to-leading term onstruted from the oeient [a4] is extremely
ompliated, nevertheless, when the above onditions are satised, it simplies onsiderably and reads
32pi2m2T (2)ij = − 11
75600
RabR
abRcdR
cdgij . (7)
Although the stress-energy tensor as given by Eqs. (6) and (7) has been onstruted for a speial lass of geometries
it an be used, as we shall see, in a more general ontext.
To proeed further let us onsider a slightly more general line element of the form
ds2 =
1
hy2
(−dt2 + dy2)+ r20dΩ2, (8)
for whih eah nonvanishing omponent of the Weyl tensor ontains the fator hr20 − 1. Topologially it is AdS2×S2,
i.e., a diret produt of the two-dimensional anti-de Sitter geometry and two sphere. The urvature salar of this
geometry is a sum of the urvatures of the subspaes
R = KAdS2 +KS2 , (9)
where KAdS2 = −2h and KS2 = 2/r20. For h = 1/r20 both the Weyl tensor and the urvature salar vanish and we
shall refer to suh solutions as Bertotti-Robinson geometry [25, 26℄.
Other useful representations of (8) an be obtained through the oordinate transformations
h1/2t = eτ cothχ, h1/2y = eτ sinh−1 χ (10)
and
sinh2 χ = Rh− 1, τh = T (11)
and are given by
ds2 =
1
h
(− sinh2 χdt2 + dχ2)+ r20dΩ2 (12)
and
ds2 = − (R2h− 1) dT 2 + dR2
(R2h− 1) + r
2
0dΩ
2, (13)
respetively.
Making use in Eqs. (6) and (7) of the expliit form of the Rii tensor of the Bertotti-Robinson line element
Rji =
1
r20
diag[−1,−1, 1, 1], (14)
one has
8piT
(1)j
i = −
5− 14ξ
1260pim2r60
diag[−1,−1, 1, 1] (15)
4and
8piT
(2)j
i = −
11
18900pim4r80
diag[1, 1, 1, 1]. (16)
Although the higher order terms (n ≥ 4) of the stress-energy tensor are not known, one expets that there will be
massive simpliations for the Bertotti-Robinson lass of metris. Indeed, dimensional onsiderations suggest that
the higher-order terms of the stress-energy tensor an be divided into two generi groups based on their trae. The
odd tensors
T
(2n−1)j
i =
A(2n−1)
pi2(m2)2n−1r4n+20
diag[−1,−1, 1, 1] (17)
are traeless, whereas the even tensors
T
(2n)j
i =
A(2n)
pi2(m2)2nr4n+40
diag[1, 1, 1, 1] (18)
are haraterized by a nonzero trae. The n−th tensor, T (n)ji , is onstruted from the integrated oinidene limit
[an+2] and A
k
are the parameters depending on the spin of the eld and (possibly) on the type of the urvature
oupling. For example, the tensor T
(3)j
i of the massive salar eld onstruted from the oeient [a5] is given by
8piT
(3)j
i = −
179− 242ξ
103950pim6r100
diag[−1,−1, 1, 1]. (19)
The partiular form of the stress-energy tensor suggests that the Bertotti-Robinson geometry an be, in ertain
situations, a self- onsistent solution of the semilassial Einstein eld equations with or without lassial eletromag-
neti eld. Indeed, it an be shown that although the Bertotti-Robinson geometry for ξ > 5/14 is the exat solution
of the (Λ = 0) semilassial Einstein eld equations with the soure term given solely by the renormalized stress-
energy tensor T
(1)j
i , it eases to be so when the next-to- leading term is inluded. Inlusion of the eletromagneti
eld desribed by the stress-energy tensor of the form
8piT
(em)j
i =
Q2
r40
diag[−1,−1, 1, 1] (20)
as well as the higher terms of the renormalized stress-energy tensor does not hange this behavior. On the other hand,
one expets that the osmologial term, Λδji , may ompensate the even terms of the stress-energy tensor. Therefore
the sum of the rst two terms of the renormalized stress-energy tensor onstitutes the main approximation and the
higher order terms an be regarded as perturbations.
Now, let us analyze this problem more losely: The Einstein tensor in the Bertotti-Robinson geometry is given by
Gji =
1
r20
diag[−1,−1, 1, 1] (21)
and it is evident that although the Bertotti-Robinson line element is a solution of the semilassial Einstein eld
equations of the form
Rji −
1
2
Rδji = 8piT
(1)j
i , (22)
the addition of the next-to-leading term requires the presene of the osmologial onstant in the equations:
Rji −
1
2
Rδji + Λδ
j
i = 8pi
(
T
(em)j
i + T
(1)j
i + T
(2)j
i
)
, (23)
where, for generality, the stress-energy tensor of the eletromagneti eld has been added. It is simply beause the
trae of Eq. (23) with Λ = 0 leads to a ontradition. The two independent equations, therefore, are
− Q
2
r40
+
5− 14ξ
1260pim2r60
− 11
18900pim4r80
+
1
r20
− Λ = 0 (24)
5and
Q2
r40
− 5− 14ξ
1260pim2r60
− 11
18900pim4r80
− 1
r20
− Λ = 0, (25)
and this system an easily be solved with respet to r0 and Λ. Simple manipulations give
r0 =
√
Q2 −
√
Q4 − 4β
2
, Λ =
−16γ(
Q2 −
√
Q4 − 4β
)4 (26)
and
r0 =
√
Q2 +
√
Q4 − 4β
2
, Λ =
−16γ(
Q2 +
√
Q4 − 4β
)4 , (27)
where
β =
5− 14ξ
1260pim2
, γ =
11
18900pim4
. (28)
For purely quantum soure, i.e., when Q = 0 one has
r0 =
(
14ξ − 5
1260pim2
)1/4
, Λ = − 11
18900pim4r80
= − 924pi
(5− 14ξ)2 (29)
and the self-onsistent solution is possible for ξ > 5/14. It should be noted that neither the minimal oupling nor the
onformal one belongs to the admissible range of ξ. On the other hand, for β ≪ Q4, one has
r0 = |Q| − β
2|Q|3 , Λ = −
8γ
Q8
. (30)
Note, that the ondition of appliability of the Shwinger-DeWitt method λC/L≪ 1 now redues to mr0 ≫ 1.
Before going further let us onsider a general AdS2×S2 geometry as a solution of the Einstein equations with Λ = 0
and Q 6= 0. The foregoing disussion shows that quantum proesses deform the Bertotti-Robinson spaetime. The
stress-energy tensor T
(2)j
i of the massive salar eld in a generalAdS2×S2 geometry is rather ompliated. Fortunately,
sine we are interested in small deformations of the Bertotti-Robinson geometry, to onstrut the approximate solution
it is suient to know the tensors (15) and (16) as the only modiation of the equations omes from the Einstein
tensor. Indeed, putting in the line element (12) ρ2 = r20 + κ, where ρ
2 = 1/h and κ measures the deformation, one
onludes that Eq. (24) remains unhanged, whereas the radial omponent aquires a small orretion:
κ
r40
+
Q2
r40
− 5− 14ξ
1260pim2r60
− 11
18900pim4r80
− 1
r20
= 0. (31)
Solving the system (24) and (31), one obtains
κ =
11
9450pim4r40
(32)
and the equation relating Q and r0:
r20 = Q
2 − 4− 21η
1890pim2Q2
+
11
18900pim4Q4
. (33)
On general grounds one expets that the relations (32) and (33) desribe the near horizon geometry of the quantum-
orreted extreme Reissner-Nordström blak hole. In the next setion we shall show that this assertion is true.
6III. THE NEAR HORIZON GEOMETRY OF THE EXTREME QUANTUM CORRECTED
REISSNER-NORDSTRÖM BLACK HOLE
The results of the foregoing analysis an be related to the near- horizon geometry of the extreme blak hole being
the solution of the semilassial Einstein eld equations with the soure term given by the sum of the stress-energy
tensor of the eletromagneti eld and the quantum part desribing the ontribution of the quantized eld. The
latter is onstruted form the rst two terms of the series (2). Indeed, employing the general formulas desribing the
stress-energy of the quantized massive elds presented in Ref. 7 one an solve the semilassial equations, treating
the nonlassial part of the soure term as a small perturbation. The results an be expressed in terms of the exat
position of the event horizon, r+, and the total harge, Q. To simplify the alulations, espeially to keep ontrol
of the order of terms in ompliated series expansions, we shall introdue a dimensionless parameter, ε, substituting
T
(k)j
i → εT (k)ji . We shall put ε = 1 in the nal stage of the alulations.
The general stati and spherially symmetri metri an be written in the form
ds2 = −e2ψ(r)f(r)dt2 + 1
f(r)
dr2 + r2
(
dθ2 + sin2 θdφ2
)
, (34)
where f(r) and ψ(r) are two unknown funtions. With the boundary onditions f(r+) = 0 and ψ(∞) = 0 the
semilassial Einstein eld equations an be solved formally to give
f (r) = 1− r+
r
+
Q2
r2
− Q
2
rr+
+
8piε
r
∫ r
r+
dr′(r′)2
(
T
(1)t
t + T
(2)t
t
)
(35)
and
ψ (r) = 4piε
∫ r
∞
dr′r′
(
T (1)rr + T
(2)r
r − T (1)tt − T (2)tt
)
f−10 (r
′), (36)
where
f0(r) = 1− r+
r
+
Q2
r2
− Q
2
rr+
(37)
and the tensors T
(k)j
i are to be alulated for f(r) = f0(r) and ψ(r) = 0.
Sine the stress-energy tensor T
(1)j
i is well known (see Refs. 42,5,6,43) we shall not display it here. On the other
hand, T
(2)j
i of the massive salar eld in the Reissner-Nordström spaetime has not been onstruted previously. In
Ref. 42, the renormalized stress-energy tensor has been alulated numerially and it was shown that the rst order
term provides a reasonable approximation, leaving however a room for improvement. It is expeted that suh an
improvement an be ahieved by inlusion of the seond order term, whih may onstitute a onsiderable portion
of T
(1)j
i . The general form of the tensor T
(2)j
i (i.e., the one expressed in terms of the Riemann tensor, its ovariant
derivatives and ontrations) is extremely ompliated. Fortunately, there are massive simpliations for the line
element desribing stati and spherially-symmetri geometry. Making use of Eqs. 8-17 of Ref. 7 for the Reissner-
Nordström line element, putting q = Q/r+, x = r/r+ and η = ξ − 1/6, after some algebra, one has
T
(2)j
i =
1
32pim4x10r8+
(
Cji + ηD
j
i
)
, (38)
where
Ctt = −
50369q6
1050x2
− 11
5
+
4089q2
175x
+
83611q8
3150x3
− 13583q
8
4200x2
+
4089q4
175x
+
2833q6
525x
− 26q
2
15
+
83611q2
3150x3
− 50369q
2
1050x2
− 287009q
4
3150x4
+
579337q4
3150x3
+
191678q6
1575x5
+
579337q6
3150x3
− 11q
4
5
− 13583
4200x2
+
191678q8
1575x5
− 287009q
8
3150x4
− 48049q
4
420x2
− 255229q
8
4725x6
− 1241053q
6
4725x4
+
2833
525x
(39)
7Dtt =
173777q4
70x2
+
1649q8
28x2
− 94q
6
x
+
330616q8
315x6
+ 36− 160207q
4
42x3
+
390577q8
210x10
− 160207q
6
42x10
− 71087q
8
126x3
− 36016q
6
15x5
− 36016q
8
15x5
− 19374q
2
35x
− 19374q
4
35x
+ 36q4
+
72851q6
70x2
+
552233q6
105x4
− 71087q
2
126x3
+
72851q2
70x2
+
390577q4
210x4
+
1649
28x2
− 94
x
+ 72q2
(40)
and
Crr =
2143q6
150x2
+
3
5
− 327q
2
35x
− 19907q
8
3150x3
+
2753q8
4200x2
− 327q
4
35x
− 97q
6
75x
− 97
75x
− 19907q
2
3150x3
+
2143q2
150x2
+
11581q4
630x4
− 431867q
4
9450x3
− 302q
6
15x5
− 431867q
6
9450x3
+
3
5
q4
+
2753
4200x2
− 302q
8
15x5
+
11581q8
630x4
+
673339q4
18900x2
+
34463q8
4725x6
+
83831q6
1575x4
+
166
105
q2
(41)
Drr = −
45241q4
90x2
− 291q
8
28x2
+
151q6
7x
− 30056q
8
315x6
− 72
7
+
403111q4
630x3
− 3487q
8
14x4
+
403111q6
630x3
+
1567q8
18x3
+
4064q6
15x5
+
4064q8
15x5
+
663q2
5x
+
663q4
5x
− 42857q
6
210x2
− 33197q
6
45x4
+
1567q2
18x3
− 42857q
2
210x2
− 3487q
4
14x4
− 291
28x2
+
151
7x
− 144
7
q2 − 72
7
q4.
(42)
Only the time, T
(2)t
t , and the radial, T
(2)r
r , omponent of the stress-energy tensor are presented as the angular
omponents T
(2)θ
θ = T
(2)φ
φ , an be alulated from the equation ∇bT ba = 0, that, in the ase on hand, gives
T
(2)θ
θ = T
(2)φ
φ = −
r
4f0
(
T
(2)t
t − T (2)rr
) d
dr
f0 +
r
2
d
dr
T (2)rr + T
(2)r
r . (43)
The dierene T
(2)r
r − T (2)tt fatorizes as f0(r)P (2)(r), where P (2)(r) is a polynomial in x−1. This together with the
polynomial form of the omponents of T ji guarantees the regularity of the stress-energy tensor at the event horizon in
a physial sense. Inserting the tensors T
(1)j
i and T
(2)j
i into the Eqs. (35) and (36) one learly sees that the problem
of nding the line element of the quantum orreted blak hole redues to two elementary quadratures.
The event and inner horizons of the lassial Reissner-Nordström blak hole are loated at r+ and r−, respetively.
In (r+, Q) representation they are related by inversion with respet to a sphere of a radius equal to the radius of
the extreme blak hole. For the quantum-orreted blak hole r+ remains unhanged (beause of the hoie of the
boundary onditions) whereas the inner horizon aquires some orretions. The extremal onguration is, therefore,
determined by the ondition r+ = r−, whih, in turn, leads to the simple relation between Q and r+
Q2 = r2+ + ε
4− 21η
1890pim2r2+
− ε 11
18900pim4r4+
. (44)
One an easily demonstrate that the equations (33) and (44) are equivalent. Indeed, inverting the relation (33), i.e.,
expressing the harge in terms of the radius r0 and subsequently putting r0 = r+ one obtains preisely Eq. (44).
Now, to analyze the geometry of the viinity of the degenerate event horizon, whih is our main interest here, we
shall approximate the funtion f(r) by a parabola α(r − r+)(r − r−), where α is a suitably hosen parameter [41℄.
For the near extreme blak hole one has
Q2 = r2+ + ε
4− 21η
1890pim2r2+
− ε 11
18900pim4r4+
−∆, (45)
8where ∆ measures deviation from extremal onguration. The loation of the event horizon is given by r+, whereas
for r− one has
r− = r+ −∆
[
1
r+
+ ε
(
2
945pim2r5+
− η
90pim2r5+
− 11
9450pim4r7+
)]
. (46)
The oeient α an be alulated from the (approximate) equality
f(rd) = −α(r+ − rd)(rd − r−), (47)
where rd = (r+ + r−)/2. Simple alulations give
α =
1
r+
− 11
9450pim4r8+
ε+ ε∆
(
8
945pim2r8+
− 2
45pim2r8+
η − 22
4725pim4r10+
)
. (48)
Further, making use in the line element (34) of the oordinate transformation
r = rd + γ coshχ (49)
and
t =
τ
∆
e−ψ(r+)
[
2r3+ + ε
(
22
4725pim4r3+
− 4
945pim2r8+
+
1
45pim2r8+
η
)]
, (50)
where γ = r+ − rd, and subsequently taking the limit ∆→ 0 one obtains
ds2 = ρ2
(− sinh2 χdτ2 + dχ2)+ r2+ (dθ2 + sin2 θ dφ2) , (51)
where
ρ2 = r2+ + ε
11
9450pim4r4+
. (52)
This result learly shows that the geometry of the losest viinity of the extreme blak hole, when expanded into a
whole manifold, is of the AdS2 ×S2 -type but it does not belong to the Bertotti- Robinson lass. Moreover, it should
be noted that it is the next-to- leading term of the stress-energy that gives rise to the seond term in the right hand
side of (52), and, onsequently the rst- order alulations lead to the Bertotti-Robinson limit. This behavior is, of
ourse, in onord with our earlier disussion.
To understand this result let us return to the semilassial Einstein eld equations for the general line element (34)
desribing extreme blak hole. Putting f(r+) = f
′(r+) = 0 at the degenerate horizon and taking the trae, one has
f ′′(r+) =
2
r2+
+ 8piT ii (r+), (53)
provided some tehnial requirements onerning regularity of the line element are satised. Now, let us expand the
metri potentials in the line element as
f(r) = P (r − r+)2 +O(r − r+)3, (54)
where P = 12f
′′(r+), make use of the oordinate transformation
r = r+ +∆e
−τ sinhχ, t =
eτ cothχ
∆P
e−ψ(r+), (55)
and, nally, take ∆ = 0 limit. It an easily be demonstrated that the result of all these operations is the line element
(51). It is simply beause T
(em)i
i and T
(1)i
i (r+) are traeless whereas
8piT
(2)i
i (r+) = −
11
4725pim4r8+
. (56)
This explains also why the earlier alulations, whih were based on the rst-order approximation to the quantum
part of the total stress- energy tensor yielded the Bertotti-Robinson line element. Indeed, for the traeless (total)
stress-energy tensor one has P (r+) = 1/r
2
+ and the near-horizon geometry is preisely that of Bertotti and Robinson.
9IV. FINAL REMARKS
We have alulated expliitly the next-to-leading term of the approximate renormalized stress-energy tensor of
the quantized massive salar eld in a large mass limit in the Bertotti-Robinson and Reissner-Nordström geometry.
Additionally, we have alulated the next-to-next-to-leading term in the Bertotti-Robinson geometry. These arise
from the approximate eetive ation onstruted from the integrated oinidene limit of the oeients a4(x, x
′)
and a5(x, x
′). It has been shown that although the Bertotti-Robinson geometry is an exat solution of the semilassial
Einstein eld equations with the soure term given by the leading term of the Shwinger-DeWitt approximation, the
addition of the next-to-leading term makes the resulting equations ontraditory and requires inorporation of the
negative osmologial onstant. This behavior is insensitive to presene of the eletri harge.
We have also onsidered small deformations of the Bertotti-Robinson manifold leading to the general AdS2 × S2
geometry. Suh geometries (together with the Nariai solutions [45, 46℄) appear naturally in the losest viinity of the
event horizon of the extreme blak holes. Further, solving the semilassial Einstein eld equations we have onstruted
the quantum orreted Reissner- Nordström blak hole and analyzed its extreme limit. Sine the stress-energy tensor
(39-42) improves the approximation based on the lowest term of the Shwinger-DeWitt ation it is expeted that the
resulting line element better desribes the quantum orreted geometry than the approximate solutions onstruted
in Refs. 43,44. We have shown that the near horizon geometry of the extreme quantum orreted blak hole is, as
expeted, haraterized by Eqs. (31) and (12).
The alulations arried out so far indiate that the seond order term is a onsiderable portion of the leading term
and as suh it must not be negleted in the serious analyses.
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